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Collective properties of a quasi-two-dimensional (2D) system of spatially indirect magnetoexcitons
in coupled quantum wells (CQW) in high magnetic field H were analyzed in the presence of disorder.
The Hamiltonian of the dilute gas of magnetoexcitons with dipole-dipole repulsion in a random field
has been reduced to the Hamiltonian of a dilute gas of dipolar excitons without an applied magnetic
field, but in an H-dependent effective random field and having an effective mass of magnetoexciton
which is a function of the magnetic field and parameters of the CQW. For 2D magnetoexcitonic
systems, the increase of the magnetic field H and the interwell distance D is found to increase
the effective renormalized random field parameter Q and suppress the superfluid density ns and the
temperature of the Kosterlitz-Thouless transition Tc. It is shown that in the presence of the disorder
there is a quantum transition to the superfluid state at zero temperature T = 0 with respect to
the magnetic field H and the parameters of the disorder. There is no superfluidity at any exciton
density in the presence of the disorder at sufficiently large magnetic field H or sufficiently large
disorder.
Key words: coupled quantum wells (CQW), nanostructures, superfluidity, magnetoexciton, Bose-
Einstein condensation of magnetoexcitons.
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Indirect excitons in coupled quantum wells (CQW)
both with and without magnetic fields (H) have been
the subject of recent experimental investigations (see
Fig.1).1−7 These systems are of interest, in particu-
lar, in connection with the possibility of Bose-Einstein
condensation and superfluidity of indirect excitons or
electron-hole pairs, which would manifest itself in the
CQW as persistent electrical currents in each well and
also through coherent optical properties and Joseph-
son phenomena.8−13 In high magnetic fields (H > 7T)
two-dimensional (2D) excitons survive in a substantially
wider temperature region, as the exciton binding energies
increase with magnetic field.14−22 The theory of magne-
toexcitonic systems developed to date has not taken into
account the influence of random field on the phase transi-
tions, which is created by impurities and boundary irreg-
ularities of the quantum wells. In real experiments, how-
ever, disorder plays a very important role. Although the
inhomogeneous broadening linewidth of typical GaAs-
based samples has been improved from around 20 meV
to less than 1 meV,5 this disorder energy is still not much
smaller than the exciton-exciton repulsion energy. (At a
typical exciton density of 1010 cm−2, the interaction en-
ergy of the excitons is approximately 1 meV.4) On the
other hand, the typical disorder energy of 1 meV is low
compared to the typical exciton binding energy of 5 meV.
In the present Letter we study superfluidity in a
“dirty” system of indirect excitons in strong magnetic
field H . We reduce the problem of magnetoexcitons in
random fields to the problem of excitons at H = 0 and
in a renormalized random field depending on H . We an-
alyze the dependence of Kosterlitz-Thouless transition23
temperature and superfluid density on magnetic field.
The total Hamiltonian Hˆ describing 2D spatially sepa-
rated electrons (e) and holes (h) in a perpendicular mag-
netic field in the presence of the external field has the
form:
Hˆ =
∫
dR
∫
dr
[
ψˆ†(R, r)(
1
2me
(−i∇e + eAe)2 + 1
2mh
(−i∇h − eAh)2
− e
2
ǫ
√
(re − rh)2 +D2
+ Ve(re) + Vh(rh)
)
ψˆ(R, r)
]
+
1
2
∫
dR1
∫
dr1
∫
dR2
∫
dr2ψˆ
†(R1, r1)ψˆ
†(R2, r2)(
Uee(re1 − re2) + Uhh(rh1 − rh2) + Ueh(re1 − rh2)
+ Uhe(rh1 − re2)
)
ψˆ(R2, r2)ψˆ(R1, r1). (1)
Here ψˆ†(R, r) and ψˆ(R, r) are the creation and anni-
hilation operators for magnetoexcitons; re and rh are
electron and hole locations along quantum wells, corre-
spondingly; Ae, Ah are the vector potentials at the elec-
tron and hole location, respectively; Ve(re) and Vh(rh)
represent the external fields acting on electron and hole,
respectively (we use units c = h¯ = 1); D is the dis-
tance between electron and hole quantum wells; e is the
charge of an electron; ǫ is the dielectric constant. We
use below the coordinates of the magnetoexciton cen-
ter of mass R = (mere + mhrh)/(me + mh) and the
2internal exciton coordinates r = re − rh. The cylin-
drical gauge for vector-potential is used: Ae,h =
1
2H ×
re,h. U
ee, Uhh, Ueh and Uhe are the two-particle po-
tentials of the electron-electron, hole-hole, electron-hole
and hole-electron interaction, respectively, between elec-
trons or holes from different pairs: Uee(re1 − re2) =
e2/(ǫ|re1 − re2|); Uhh(rh1 − rh2) = e2/(ǫ|rh1 − rh2|);
Ueh(re1 − rh2) = −e2/(ǫ
√
|re1 − rh2|2 +D2); Uhe(rh1 −
re2) = −e2/(ǫ
√
|rh1 − re2|2 +D2).
Note that the exciton magnetic momentum24 Pˆ =
−i∇e− i∇h+e(Ae−Ah)−eH× (re−rh) is a conserved
quantity for an isolated exciton in a magnetic field with-
out any external field (Ve(re) = Vh(rh) = 0). The eigen-
functions of the Hamiltonian of a single isolated magne-
toexciton without any random field (Ve(re) = Vh(rh) =
0), which are also the eigenfunctions of the magnetic mo-
mentum P, have the following form (see Refs. [14,24]):
ΨkP(R, r) =
exp
{
iR
(
P+
e
2
H×R
)
+ iγ
Pr
2
}
Φk(P, r), (2)
where Φk(P, r) is a function of internal coordinates r;
P is the eigenvalue of magnetic momentum; k represents
the quantum numbers of exciton internal motion. In high
magnetic fields k = (nL,m), where nL = min(n1, n2),
m = |n1 − n2|, and n1(2) are Landau quantum numbers
for e and h14,18; γ = (mh −me)/(mh +me).
We further expand the magnetoexciton field
operators in a single magnetoexciton basis set
ΨkP(R, r): ψˆ
†(R, r) =
∑
kP Ψ
∗
kP(R, r)aˆ
†
kP;
ψˆ(R, r) =
∑
kP ΨkP(R, r)aˆkP, where aˆ
†
kP and aˆkP
are the corresponding creation and annihilation opera-
tors of a magnetoexciton in (k,P) space.
We consider the case of strong magnetic field, when we
neglect in Eq. (2) the transitions between different Lan-
dau levels of the magnetoexciton caused by scattering by
the slowly changing in space potential Ve(re) + Vh(rh).
We also neglect nondiagonal matrix elements of the
Coulomb interaction between a paired electron and hole.
The region of applicability of these two assumptions is de-
fined by the inequalities25 ωc ≫ Eb, ωc ≫
√〈
V 2e(h)
〉
av
,
where ωc = eH/me−h, me−h = memh/(me +mh) is the
exciton reduced mass in the quantum well plane; Eb is
the magnetoexciton binding energy in an ideal “pure”
system as as a function of magnetic field H and the
distance between electron and hole quantum wells D:
Eb ∼ e2/ǫrH
√
π/2 at D ≪ rH and Eb ∼ e2/ǫD at
D ≫ rH (rH = (eH)−1/2 is the magnetic length).14,18
Here 〈. . .〉av denotes averaging over the fluctuations of
the random field.
In a strong magnetic field at low densities ( n≪ r−2H )
indirect magnetoexcitons repel as parallel dipoles,19, and
we have for the pair interaction potential:
Uˆ(|R1 −R2|) ≡ Uˆee + Uˆhh + Uˆeh + Uˆhe ≃ e
2D2
ǫ|R1 −R2|3 .(3)
Now we substitute the expansions for the field creation
and annihilation operators into the total Hamiltonian
Eq. (1) and obtain the effective Hamiltonian in terms of
creation and annihilation operators in P space. In high
magnetic field, when the typical interexciton interaction
D2n−
3
2 ≪ ωc, one can ignore transitions between Landau
levels and consider only the states corresponding to the
lowest Landau level m = nL = 0. Using the orthonor-
mality of the functions Φmn(0, r) we obtain the effective
Hamiltonian Hˆeff in strong magnetic fields. Since a typi-
cal value of r is rH , and P ≪ 1/rH , in this approximation
the effective Hamiltonian Hˆeff in the magnetic momen-
tum representation P in the subspace the lowest Landau
level m = nL = 0 has the same form (compare with
Ref.[26]) as for two-dimensional boson system without
a magnetic field, but with the magnetoexciton magnetic
massmH (which depends onH andD; see below) instead
of the exciton mass (M = me+mh), magnetic momenta
instead of ordinary momenta and renormalized random
field (for the lowest Landau level we denote the spectrum
of the single exciton ε0(P ) ≡ ε00(P)):
Hˆeff =
∑
P
ε0(P )aˆ
†
P
aˆP +
∑
P,P′
〈
P′
∣∣∣Vˆ ∣∣∣P〉 aˆ†
P′
aˆP +
1
2∑
P1,P2,P3,P4
〈
P1,P2
∣∣∣Uˆ ∣∣∣P3,P4〉 aˆ†P1 aˆ†P2 aˆP3 aˆP4 , (4)
where Vˆ = Vˆe + Vˆh. The dispersion relation ε0(P ) of
an isolated magnetoexciton on the lowest Landau level
is a quadratic function at the small magnetic momenta
under consideration, ε0(P) ≈ P 2/(2mH), where mH is
the effective magnetic mass of a magnetoexciton in the
lowest Landau level, dependent on H and the distance
D between e – and h – layers (see Ref.[18]). In strong
magnetic fields at D ≫ rH the exciton magnetic mass is
mH ≈ D3ǫ/(e2r4H)18.
The matrix element
〈
P1,P2
∣∣∣Uˆ ∣∣∣P3,P4〉 is the Fourier
transform of the pair interaction potential (Eq. (3)). In
the strong magnetic field limit, using for Φk(0, r) the in-
ternal wavefunction of the magnetoexciton at the lowest
Landau level Φk=0(0, r),
18 we obtain the matrix element
of the external potential Ve,h(r) connecting the states
〈k = 0,P | and 〈k = 0,P′ | :〈
P′ | Vˆe,h(r) | P
〉
=
1
S
exp
(
−(P′ −P)2 r
2
H
4
)
× Ve,h(P′ −P) exp
(
± ir
2
H
2H
H · (P×P′)
)
, (5)
where Ve,h(P
′ −P) is the Fourier transform of Ve,h(r).
Thus, the effective Hamiltonian Hˆeff Eq. (4) corre-
sponds to excitons with renormalized dispersion law
ε0(P ) and effective random field
Veff(R) =
1
πr2H
∫
exp
(
− (R− r)
2
r2H
)
[Ve(r) + Vh(r)] dr. (6)
3The approach is valid, if the correlation length L of
random potential (V (re, rh)) is much greater than the
magnetoexciton mean size25 rexc = rH : (L ≫ rH) or
rexc
√〈∇V 2〉av ≪ Eb, and it holds for the strong mag-
netic field, when rexc = rH = (eH)
−1/2, and Eb ∼ e2/ǫD
at D ≫ rH18,25.
The interaction between an spatially indirect exciton
in coupled quantum wells and a random field, induced
by fluctuations in widths of electron and hole quantum
wells, has the form25 V (re, rh) = αe[ξ1(re) − ξ2(re)] +
αh[ξ3(rh)−ξ4(rh)], where αe,h = ∂E(0)e,h/∂de,h, de,h is the
average widths of the electron,hole quantum wells, while
E
(0)
e,h are the lowest levels of the electron and hole in the
conduction and valence bands, and ξ1 and ξ2 (ξ3 and
ξ4) are fluctuations in the widths of the electron (hole)
wells on the upper and lower interfaces, respectively. We
assume that fluctuations on different interfaces are sta-
tistically independent, whereas fluctuations of a specific
interface are characterized by Gaussian correlation func-
tion 〈ξi(r1)ξj(r2)〉 = giδijδ(r2 − r1), 〈ξi(r)〉 = 0, where
gi is proportional to the squared amplitude of the ith
interface fluctuation25. This is possible if the distance
D between the electron and hole quantum wells is larger
than the amplitude of fluctuations on the nearest sur-
faces.
We consider the characteristic length of the random
field potential L to be much shorter than the average
distance between excitons rs ∼ 1/
√
πn (L ≪ 1/√πn,
where n is the total exciton density) similar to Ref. [26].
Since the effective Hamiltonian Hˆeff of the system of in-
direct “dirty” magnetoexcitons at small momenta is ex-
actly identical to the Hamiltonian of indirect “dirty” exci-
tons without magnetic field but with magnetic mass mH
and effective random field Veff instead of M = me +mh
and Ve(r)+Vh(r), respectively, we can use the expressions
for the ladder approximation Green’s function27, collec-
tive spectrum, normal and superfluid density and the
temperature of Kosterlitz-Thouless phase transition23 for
the “dirty”26 system without magnetic field.
The spectrum of interacting excitons has the form (cf.
Ref. [26])
ε(p) =
√(
p2/(2mH) +
√
µ2 −Q2
)2
− (µ2 −Q2),
and for small momenta p ≪ √2mHµ the excita-
tion spectrum is acoustic ε(p) = csp, where cs =√√
µ2 −Q2/mH is the velocity of sound. The chem-
ical potential µ in the ladder approximation has the
form26 µ = 8πn/
[
2mH log
(
ǫ2/(8πnm2He
4D4)
)]
. In the
weak-scattering limit we use the second-order Born ap-
proximation for the random field parameter Q similar to
Refs. [26], and for small frequencies and momenta, which
mostly contribute to the ladder approximation Green’s
function, approximate Q(p, ω) by Q(p = 0, ω = 0)
Q(p, ω) = Q =
α2e(g1 + g2) + α
2
h(g3 + g4)
64π4
mH . (7)
The density of the superfluid component ns(T ) can be
obtained using the relation ns(T ) = n − nn(T ), where
nn(T ) is the density of the normal component. The den-
sity of normal component nn is (compare to Ref. [26]):
nn =
3ζ(3)
2π
T 3
c4s(n,Q)mH
+
nQ
2mHc2s(n,Q)
. (8)
From Eq. (8) we can see, that the random field decreases
the density of the superfluid component.
In a 2D system, superfluidity appears below
the Kosterlitz-Thouless transition temperature Tc =
πns/(2mH)
23, where only coupled vortices are present.
Using the expression (8) for the density ns of the
superfluid component, we obtain an equation for the
Kosterlitz-Thouless transition temperature Tc. Its so-
lution is
Tc =



1 +
√
32
27
(
mHT 0c
πn′
)3
+ 1


1/3
−


√
32
27
(
mHT 0c
πn′
)3
+ 1− 1


1/3

 T 0c
21/3
. (9)
Here T 0c is an auxiliary quantity, equal to the tem-
perature at which the superfluid density vanishes in
the mean-field approximation ns(T
0
c ) = 0, T
0
c =(
2πn′c4smH/(3ζ(3))
)1/3
, n′ = n− nQ/(2mHc2s).
Since in strong magnetic fields at D ≫ rH the exci-
ton magnetic mass is mH ≈ D3ǫ/(e2r4H),18 the super-
fluid density ns and the temperature of the Kosterlitz-
Thouless transition Tc decrease with increase of the mag-
netic field H , and the parameters of the random field
αe, αh and gi. Since in the “dirty” systems ns and Tc
decrease with the increase of effective random field Q
(analogous to the case without magnetic field26), and in
a strong magnetic field Q is proportional tomH (Eq. (7)),
an increase of the magnetic field H increases the effective
renormalized random field Q, and thus suppresses the su-
perfluid density ns and the temperature of the Kosterlitz-
Thouless transition Tc.
It follows from Eq. (8) that in the presence of disorder
at T = 0 there is a quantum transition from the super-
fluid state to a Bose glass at a sufficiently large value of
the magnetic field H and the parameters of the disorder
αe, αh and gi. While in the “pure” system at any mag-
netic field H at there is always a region in the density-
temperature space, where the superfluidity occurs19, in
the presence of the disorder at sufficiently large magnetic
field H or the parameters of the disorder αe, αh and gi
there is no superfluidity at any exciton density.
Note also that in a magnetic field the superfluid den-
sity ns and the temperature of the Kosterlitz-Thouless
transition Tc decrease when the separation between quan-
tum wells D increases. As D increases, so do mH
18 and
thus Q (Eq. (7)): increasing either of these parameters
4decreases ns and Tc (Eqs. (8) and (9)). There is a com-
peting influence, namely that increasing D increases the
velocity of sound (since it increases the chemical potential
of the dipole-dipole repulsion µ), which tends to increase
ns and Tc, but this is a logarithmic dependence. Thus,
in a strong magnetic field the first two influences dom-
inate, and ns and Tc decrease with D. In the absence
of a magnetic field, the first two influences are absent:
in this case, the aforementioned logarithmic dependence
dominates, causing ns and Tc to increase with D.
26
In the high magnetic field limit at high D, the effective
random field is not small, and approaches which assume
coupling with the random field to be much smaller than
the dipole-dipole repulsion are not applicable. Note that
in the present work the parameter Q/µ is not required to
be very small, and our formulas for the superfluid density
and Kosterlitz-Thouless temperature can be used in the
regime of realistic experimental parameters taken from
photoluminescence line broadening measurements5.
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Caption to Figure 1
Fig.1 The geometry of the spatially separated electron
(e) and hole (h) in coupled quantum wells in external
magnetic (H) and electric (E) fields normal to quantum
wells.
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